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HOCHSCHILD LEFSCHETZ CLASS FOR P-MODULES 

AJAY RAMADOSS, XIANG TANG, AND HSIAN-HUA TSENG 



'»Cj' ' Abstract. We introduce a notion of Hochschild Lefschetz class for a good coherent O-module on 

a compact complex manifold, and prove that this class is compatible with the direct Image functor. 
f^ , We prove an orbifold Riemann-Roch formula for a Ü-module on a compact complex orbifold. 

(N 

Ö ■ 1. Introduction 

In |KS] . Kashiwara and Schapira systeniatically studied the Hochschild class for deforniation 
CN ' quantization algebroids. As an applicatfon, they obtained a new way to define the Euler class of a 

good coherent 2?-module on a complex manifold, introduced by Schapira and Schneiders jSS2j . In 
^ [ this paper, we aim to generalize the notion of Hochschild class to the equivariant setting. 

Is^ ' Let M be a compact complex manifold and T>m the sheaf of holomorphic differential Operators 

on M. A coherent ÜAf-module Ai is called "good" if for any compact subset of M there is 
a neighborhood in which A4 admits a finite filtration {Aik) by coherent ÜM-submodules such 
that each quotient 7Wfe/A^fe_i can be endowed with a good filtration. We denote by D^{T>m) 
the bounded derived category of PM-modules, and -C)^oh(-^A/) the füll triangulated subcategory 
of D^(T>m) consisting of objects with coherent cohomologies. Let X := T*M be the cotangent 
bündle of M. Following |KS) . we consider the sheaf £x of formal microdifferential Operators on 
1^ , X. Let ttm '■ X = T*M — )• M be the canonical projection. There is a natural flat embedding map 

OO I vr^^ Vm '^^ £x- This gives a natural functor from D^Qj^(PAf) to D^^^Yi{£x)- Such a functor allows the 

use of microlocal techniques to study 2?A4--modules. Let 'HTi.(£x,£x) be the C-sheau of Hochschild 
homologies oi £x on X. For Ai S D^cohi^^^) ^^^'^ ^"^ dement u G Homxtj^j {A4, A4), Kashiwara and 



Q . Schapira [KS| introduced a Hochschild class 

hh{M,u) G Hl^^^j^^{X;nn{£x,£x)). 
The Image of the the Hochschild class hh{A4,u) under the quasi-isomorphism 

X\ nn{£x,£x)^C[dimx] 

.?.' is called the Euler class of {A4,u). As Hochschild homology behaves well under direct Images, 

the Hochschild class hh{A4,u) satisfies a nice formula |KSl Theorem 4.3.5] under the direct Image 
functor. This formula is analogous to the direct Image property of the Euler class of (TW, u), which 
was proved by Schapira and Schneiders [SS2j. 

In this paper we consider a holomorphic diffeomorphism 7 on M. Let A^ be a P^f-module. 
Then, the sheaf 7*AI of C-vector spaces on M has a natural P^vj-module structure. This in turn 
gives a natural functor 7=,, : D^ohi'^M) — ^ ^coh(-^A^)- -^ similar construction and functor can be 
introduced for £x-^oaodules. Given an element u G Homx>nj{Ai,'yif{A4)), we introduce a Hochschild 
Lefschetz clas^ 

hh^{M,u) G H\x,nn{£x,£l)) 



Key words and phrases. equivariant Hochschild class, D-module. 

This is actually a slight abuse of terminology. In fact, 'H'H{£x , £x) is an object in the derived category of sheaves 
of C-vector Spaces on X. 

^See Eq. dH) for the definition of 'HH{ix,2l). 
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for X = T*M. Our construction coincides with the Kashiwara-Schapira Hochschild class hh{Ai,u) 
when 7 = id. The Lefschetz class of u is defined to be the Image of hh'^{A4,u) under the quasi- 
isomorphism 

7i'H{£x,£l) ^ ^!(Cx7[dim(X^)]). 

Like the Hochschild class, we prove that the Hochschild Lefschetz class satisfies nice formulas under 
the direct Image functor. We expect that this approach will provide a relatively easy route to results 
about the Lefschetz class introduced by Guillermou [G]. Let L be a finite group acting on M by 
holomorphic diffeomorphisms. We apply our developments to study the Hochschild class and the 
Euler class of a good L-equivariant coherent PM-module M. In this Situation, every 7 G L naturally 
defines an element 7 in Homx>^j{Ai.,^*{M.))- We can use the expression 



l^Y^hK^iM,^) 



r, 
' ' 7er 

to introduce the orbifold Hochschild class of M. on the quotient orbifold Qx '■= X/T = T*M/T. 
We prove that this description of the orbifold Hochschild class for M is equivalent to the more 
abstract definition that arises by working with the sheaf of algebras T>m xi T (and £x ^ T) over 
Qm '■= M/T (and Qx) using techniques developed by Bressler, Nest, and Tsygan |BNT] . 

The main result of this paper is a Riemann-Roch formula for the Euler class of a good F- 
equivariant coherent PM-module M on M. We prove that (see Theorem 14.2p 



euQ(X) = (-chQ(a,har(A^)(-M))AeuQ(iV)A4^rd(/QM],^ ^^^ ^ 

Hereby, IQx (and IQm) is the inertia orbifold associated to the orbifold Qx (and Qm)', chg is the 
orbifold Chern character for the orbifold K-theory element ö"ch(x)(A^); euQ(A'') is a characteristic 
class associated to the normal bündle A'^ of the local embedding IQ — )• Q; Td{IQM) is the Todd 
class of the orbifold bündle TIQm over IQm', t^m is the canonical projection from IQx to IQm', and 
m is the locally constant function on IQx measuring the size of the isotropy group at each point. 
The proof generalizes the original idea of Bressler, Nest, and Tsygan |BNT j along the developments 
in [PPTlj and |PPT2j . 

The paper is organized as follows. We start with fixing some basic notations in See. [2J In See. 
[31 we introduce the construction of the Hochschild Lefschetz class and orbifold Euler class for a 
good coherent Pjvf-module, and discuss their properties. In See. [U we explain the computation of 
the orbifold Euler (Chern) class. 

Ackno'wledgments: We would like to thank Pierre Schapira and Giovanni Felder for interesting 
discussions. A.R. is supported by the Swiss National Science Foundation for the project "Topolog- 
ical quantum mechanics and index theorems" (Ambizione Beitrag Nr. PZ00P2_127427/1). X.T. is 
partially supported by NSF graut DMS-0900985. 

2. Basic Notations 

Throughout this paper, we closely follow the terminologies and Conventions introduced in |KSj . 
Let M be a complex manifold of complex dimension dM- In this paper, dimension of a complex 
manifold/orbifold always refers to its complex dimension. Consider Vm the sheaf of holomorphic 
differential Operators on M and Pa^ the sheaf of holomorphic differential Operators on M with the 
opposite algebra structure from T>m- A coherent PM-module M. is called "good" if in a neighbor- 
hood of any compact subset of M, M. admits a finite filtration {Mk) by coherent PAf-submodules 
such that each quotient Mkl-^k-i can be endowed with a good filtration (see [Kl Definition 
4.24]). We denote by D^{T>m) the bounded derived category of T>m modules, and -C^oh(-^A^) ^^^ 
füll triangulated subcategory of D^{T>m) consisting of objects with coherent cohomologies. 
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Let X = T*M be the cotangent bündle with dimension dx = 2dAf with the projection ttm : 
X = T*M — )• M. Denote by O^ the sheaf of holomorphic i-forms on X. On X = T*M, consider 
the filtered sheaf £x of C-algebras of formal microdifferential Operators, and the subsheaf £{0)x 
of Operators of order < 0. Let tt^^Vm be the pullback of Vm on X. Denote by D^(£x) (and 
D^coh^^x)) ^^^ bound derived category of £'x-niodules (and the subcategory of objects with coherent 
cohomologies.) There is a natural morphism vr^^ Dm ^^ £x such that £x is hat over vr^^ ^m- Given 
a coherent 2?Af-niodule A^, 

M := £x ®^-Ivm ^m -^ 

defines a coherent fx-module. In this paper, we will mainly work with the fx-module Ai associated 
to M.. The Support of A^ is called the characteristic variety oi M. and denoted by char(A^). Denote 
by <?x" the sheaf of formal microdifferential Operators on X = T*M with the opposite algebra 
structure from £x- 

Dehne cj := r2i.?-[(ix], and dehne the duality functor D'^ by 

D'^^ {M) := RUom^^ {M,£x) G D\ix-), for an <?x-module M. 

Let r be a finite group acting on M holoniorphically and also on X = T*M. Note that for any 
7 G r, one has a natural isomorphism ^~^£x -^ £x of sheaves of C-algebras on X. Hence, for 
any 7 G F, any £^x-module M has the natural structure of a 7^^iSx-module. Consequently, the 
pushforward 7*A^ (in the category of sheaves of C-vector spaces on X) has the natural structure 
of a <fx-module. It is easy to verify that the (right derived functor of) 7* gives rise to a functor 7* 
from D\£x) (resp., DI^^{£x)) to itself. 

We denote hy 5 : X ^ X yi X the diagonal embedding. For 7 G F, let 

ö\:X^XxX, 5^(x) := (7(x),x) 

be the graph of the action of 7. Let Cx be the £xxX<^-'^odn\e öx,*£x, and let C]^ be the £xxx<^- 
module öJ^^Sx- The sheaf of Hochschild homologieqj ^^{Sx) (resp., 7-twisted Hochschild ho- 
mologies 7i7i{£x,Sx)) is defined to be the object 

(1) nnx{£x,£x) ■■= 5x\Cx^ ^e^,^a ^x) (resp., nn{£x,£l) ■■= 5x-\Cx^ ®g^^^^ CD ) 

of the derived category of sheaves of C-vector spaces on X. For any object J- in the derived 
category of sheaves of C-vector spaces on X, H*{X\T) shall denote the hypercohomology of X with 
coefficients in J^. 

The completed tensor products 0, M, etc. have exactly the same meaning as in [KS] . 

3. LeFSCHETZ CLASS 

3.1. Definition of Lefschetz class. Let TW be a good coherent Dm niodule on M. We apply the 
functor 

and work with the corresponding i5x-module M. Let 7 act on M holomorphically. Lift the action 
of 7 to an action on X := T*M. An element u in Homx>j^j{Ai,'j*{Ai)) naturally defines an element 
ü in Horrip (A^,7*(7W)). In what follows, we will introduce a Lefschetz class for u by studying ü 
in Horrip (A^,7*(7W)). Our construction generalizes analogous constructions in [KS] . 



This is a minor abuse of terminology. 
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Lemma 3.1. Let A4 € D^^^{£x)- There is a natural morphism in D^^^{£xxX°^] 

(2) ^,iM)kD'^^{M)^Cl. 

Proof. By |KS1 Lemma 4.1.1], there is a natural morphism 



Applying the fmictor (7 x 1)* to the above morphism, we obtain the desired morphism 



7,(A^)MÖ? {M)^C] 



D 



Let u £ Hom^ (A^,7*(A^)). Consider the morphism 

L 






This defines a natm'al map 



^^^®e...aCl^'Hn£x,£l) 



(3) Homg^{M,^.{M)) -^ H^^^^^^^{X;nn{£x,£]c)). 

Definition 3.2. For an element u G Homx>n.iiA4,^*iAi)), dehne the Hochschild Lefschetz class 
hh^{M,u) G ^supp(x)(^5^'^('^^''^l)) to be the Image of ü G Hom^^{M,-f^{M)) under the 
morphism ([3]). 



Recall that 'H'H{£x,£x) can be naturally identified with RHom^ „('^x '^x) using the du- 

ity functor Z)'- and IKSt Theorem 2. 

£xxx°- 

We leave its proof to the interested reader. 



ality functor Z)'- and IKSt Theorem 2.5.71. The following analog of IKSi Lemma 4.1.4] holds. 

£xxx°- 



Lemma 3.3. Under the natural identification of 'H'H{£x , £x) with RHomg „ ("^x '^x)' ^^^ 
Hochschild Lefschetz class hh"'{A4,u) coincides with the following composite of morphisms 



_, ESI Lemma 4.1.1(i)]^ ^ | ^,^^ ^^^ mui^ ^^ ^^^ | ^,^^ ^^^ Le^no^ ^, 



Let X'^ be the submanifolqj of X consisting of 7-fixed points and let t : X'^ ^^ X be the 
inclusion. Let O^^ be the (smooth) de Rham complex on X'^ (viewed as a complex of sheaves 
on X^). As in |PPT2t Section 3], one can construct a (distinguished) quasi- isomorphism with the 
quasi- isomorphism 

nn{£x,£l) ^ ^^'^'"'^^''^''"' 

following a construction in |FFSt Section 4] and (EF^ Section 2] (see also [FT]). Therefore, 

Proposition 3.4. The Hochschild homology 'H'H{£x,£x) is quasi-isomorphic (via a distinguished 
quasi-isomorphism) to i!(Cx^[dim(X'^)]). 



4y-7 



X^ is a disjoint union of embedded submanifolds possibly of different dimensions. 
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Thus one can define the (microlocal) Lefschetz class ^jievC{M.,u) € H^^Jfjii]''^-^"' ^'^'^ °^ ^ ^° ^^ 
the Image of hh"'{Ai,u) under the (distinguished) quasi-isomorphisni 

When M is a point, 7 acts on M trivially. Then fj,eu{A4,u) is equal to the trace of u as an 
endomorphism of A4 . 

Remark 3.5. One also has a class eu{M.,u) E //^'^'™*^^(M'>',C). Its construction is completely 
analogous to that of fiev?'{M,u). When 'j = Id and when M = T>m ®Om ^ /^'^ some holomorphic 
vector bündle £ on M, then eu{A4,u) is equal to the trace of u as an endomorphism of Om®x> -^ 
fsee[EFl|FTl|R];. 

3.2. Composition of Hochschild Lefschetz classes. Consider three complex manifolds Mj, i = 
1, 2, 3, and Xi = T*Mi, i = 1,2, 3. Let £xixX" and £x2xx°- be the sheaf of formal microdifferential 
Operators on Xi x X^,^, i = 1,2. Assume that the group T acts on Mj and Xi holomorphicaUy. 
Let Pij be the canonical projection from Xi x X2 x X3 to Xi x Xj for 1 < i < j < 3. Also, let 
di, i = 1, 2, 3 denote the complex dimensions of the Xi. In this subsection, as in [KSj . we implicitly 
identify X = T*M with its Image in X x X under the embedding öj^ whenever required. Alsqj, to 
simplify notations, we sometimes denote £x by £i: for example, (S'22° actually Stands for (8)? 

Proposition 3.6. There is a natural morphism 

o : Rpiy,{p^^nn{£x^xX^,£x^^Xll '^ P23'^'^i^X2xXI,£]c2y,x^)) — > '^'^i^x^xX^ ,£]c^y,x§)■ 
Proof. Following [KSj, we will denote by £zi the complex manifold £xixX'', and identify the 
Hochschild homology 'H'H{£xixX'^-,£lc xX"-) ^^ follows: 

nn{£x^^x^,£l,x^) = {Cx^kcx,) ^2^_^^^ [clMl^) 

^ RHom^ (uj®-^ ä Lüfä\Cl m Cla) 

'^ZiXZ" ^ -^i ^j ^i ^7' 

l J J J 

^RHom^ ({uf-^ m oüfä^) ^ u}x-,{Cl mCla)^ cox-) 

^ZiXZf^- ^i X- I t^a ^j ' ^ Ai A./ txa ^3' 

* J ■'3 ■' 3 

^ RHom? iu®-'^ K Cx-,Cl K uj\a). 

t-ZiXZ"^^ ^i — J ' Ai — X-/ 

I— m -1 ^ ^ 

As in [KS], let Sij := uj^_ M Cx'^, and let Kj- := C'J^_ M cj^a. The above computation can be 

summarized as 

(4) nn{£x^^x^,£l,x'^) = RHom^^ (Sij,Kr). 

3 i j 

We obtain the morphism 

(5) 

K'u h,, ^23 ^ (^ I ^1.) %,^ {Cl, I ^l.) -^ vll{C\ k ^l.)\2d2\ = p-,^{Kl)[2d2]. 
For the last arrow in the above composition, note that cj^a 0? C^ is naturally isomorphic to 

L L 

(7 X l)^,(üjx^ §)ß Cxo)- Also recall that the morphism ojx^ §lß Cxo ~^ <5*Cx2[2(i2] is defined 



^As did in Es] 
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by |KS1 Theorem 2.5.7]. Hence, one obtains a morphism uj^a ^^ Cj^ — )• S2Cx2 [2(^2] which induces 
the last arrow in the above composition. The morphism ([5]) induces, by adjunction, a morphism 

(6) Rp,si{Kl^^^^Kl)^Kj,. 

As explained in the proof of [KS, Proposition 4.2.1], there is a natural morphism 

L 

Si3 — > Rpn*{Si2 ^^ 5*23 )• 
With the above two morphisms, we have natural morphisms 

RPl3\ (Pli'H'H (Sxi X X- , £xi X Xj- ) ^ P23'^'^ {^X2 X X- , ^x^ x Xf ) ) 

-^ Rpiy.RHom^^^^^^^ {Si2 %^^ S23,K^2 hz, ^23) 
-^RHom^ iRpi3*{Si2 ®^^ S23),Rpi3\{K^2^^ ^23)) 

-^ ^H"^£,,.,ASi3,Kl) - nn£x..xs,£l.x§)- 

This proves the desired proposition. D 

As a corollary, if Xi = X3 = pt and X2 = X, then Proposition 13.61 defines a morphism 

Rm{nn{£x,£]c) ® nn(£x,£]c)) -^ Cpt, 

where a : X ^ pt is the natural map. By the adjunction formula, we have 

Corollary 3.7. Let X^ he the underlying real manifold of X. There is a canonical morphism 

%'H{£x,£'x) ^ 'H'H{£x,£x)) — ^ ^x'j where uj^ is the topological dualizing complex on X^ with 
coefficients in C. 

Remark 3.8. Let HH,{£x,£x) denote the hypercohomology H^*{X,T-l'H{£x,£x))- ^^ remark 
that by integration, Corollary \3.7\ defines a pairing on HH,(£x,£x), which is a j-equivariant 
generalization of the Fourier-Mukai pairing. We hope to discuss more about this pairing in a future 
publication. 

We recah that [KSl Definition 3.1.3] that for /Cj G D''{£x,xX-^^) {i = 1,2), 

K-i °X2 ^2 = Rpi3\{^i ^2 JC2) € D {£xixxg), 

lCi*x2^2 = Rpi3*ifCid^^lC2)eD\£x,>,xi)- 

In what follows, we often simplify notations by writing 02 for o;)^^ and *2 for *X2- 
We have the following generalization of |KS[ Lemma 4.3.3]. 

Lemma 3.9. Let 7 G F. Let K, be a ^-equivariant element in D'^cohi^XixX!^)- There is a natural 
morphism in D^{£xixX'^), 

JCo2LÜ^02D'^{IC)^Cl^. 

Proof. By Lemma IXT} we have a morphism in D^{£x^xx^xXfxX2) 
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Applying the functor (— ) (8>X2xX" ^2^ we obtain 



(/C m D'^ilC)) ®x2xxf wl, ^ (7*(/C) M Ö^(/C)) 0X2XX,- ü;^, 
^ Cx.xx- ®X2xX- ^h -^ ^x, ^ Cx2 [2 dim(X2)], 



Here, in arrow (1), we use the assumption that /C is 7-equivariant, i.e. 7 is a natural element in 
Hom{IC, 7*(/C)); in arrow (2), we have used the niorphism in Lemma [3.11 in arrow (3), we have used 

the natural isomorphism between C]^a ^x xX" ^x ^^^ <5*Cx2[2d2]; this morphism is obtained by 
applying the functor (7 x 1),, to the morphism from [KSl Theorem 2.5.7]. The desired morphism 
is induced by the above composition of morphisms via adjunction. D 

For A a closed subset of X, let 

hha{£x,£1) ■■= H'>{RrA{X;nn{£x,£l))). 

Let A12 and A2 be closed subsets of Xi x A^ and A2. Dehne A12 Xx2 ^2 C Xi x A2 to be the fiber 
product of A12 and A2 over A2, and A12 o A to be pi(Ai2 Xx2 ^2) C Ai. Given a 7-equivariant 
kernel /C € D^ohi^^ixX^) with support A12, we define the following map 

<^ic ■■ HHa^{£x2,£1^) -^ HHA,^oA2i£xr,£l^) 
via a sequence of compositions, 

HHa,{£x,;£1^) = H\RTA,Homx,xX^^{u:^-\Cl)) 

> H°{RTAi2Xx2MHomXixX'l{fC ^2 ^2~^ °2 ^2 °2 -D^/C,/C ^2 ^2 °2 ^2 °2 D'^K,)) 

-^ H^{RrA,2oA2Homx,xX-{Rp*iJC i^ wf"^ 03 002 02 D'-K,), Rp\{lC i^ C] 02 ^2 02 D'-)C))) 

^ H\rA,2oA2Homx,xX^{IC *2 Ö~/C,/C 02 coj 02 D'^{JC))) 

-^ H\RTA,2oK,Homx,xXi{i^'^-\Cl)) ^ HHa,,oaA£x,;£]cJ, 

L 

where in the first arrow, we have applied the functor £ 1— ;• /C ^2 (-^ °2 ^2 °2 D'JC), and in the last 
arrow we have used Lemma |3.9[ and IKS, Lemma 4.3.31. 



Let / : A2 — )■ X\ be a 7-equivariant symplectic map. The graph T f of / in Ai x A2 is a 
Lagrangian submanifold. Denote by By^ the holonomic D-module supported at Vf. It is easy to 
check from the property of / that Byj is 7-equivariant. By Definition 13.21 we can define hh{f^ 7) = 

hh^Br,,7) G H^^.{X, X X2;nn{£x,xxs,£l,xx^))- 

The proof of [KSl Lemma 4.3.4] may be generalized word for word to give the following result. 



Proposition 3.10. The following morphisms are equal, 

%r^ = hh{f,-f)o : HHA2{£x2,£]i,) -^ HHA,2oA2i£x^,£lJ- 
Proof. Let «2 be a class in HH(£x2,£x )• ^^ ^^^ isomorphism 

nn£x,£]c) = 6x'Rnom^^^^^iD'^^^^JCx^),Cl) - 6x'R'Hom^^^^^{u;f-\Cl), 

we can regard 02 as a morphism «2 : lo^" — > C^ in the derived category of sheaves of C- 
vector Spaces on A22a := A2 x Ag. Similarly, we can regard the element a = hh(f,'j) in 
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HH{£xixX^,£x-^xX'^) ^^ ^ morphism a : w^~xx" ~^ ^XixX"- ™ ^^^ derived category of sheaves on 
Xiia22a := Xi X Xf X X2 X X2 . By Lemma 13.31 ^ is given by a composite of morphisms 



U! 



12" 



^''—'■'■'^JC^D'IC 



•-12" 



in the derived category of sheaves on Xiia22°) where By, is denoted by /C. The element $ßj, (a) is 
an element represented by the morphism 



wT 



/C *2 ß^/C 



ÄPi*(/C ^2 (wf "^ °2 ü^2 02 D'^K)) 



Rpil (/C ^2 (^2 °2 W2 02 D'^K,)) 



Rpv. {Jc 02 ü.^ o i)^x;) ^"'""^"'^ ex, 



in the derived category of sheaves on Xi. The fohowing commutative diagram in the category 
D^ißiia M Cx2xxs) directly generalizes a subdiagram of a diagram appearing in the one in the 



proof of |KS1 Lemma 4.3] (see [KS. Page 111]). The only genuine change in following diagram from 
the one in the proof of \KS\ Lemma 4.3] is to change <8'22''C2 to iSi22°-C2- We also point out to the 
reader that the last row in the diagram below is written in a different (though equivalent) way 
than the corresponding row in |KSt Page 111] (modulo the above mentioned change from <^22'^C2 



to 



>'22 






PllaCjf 



(a;f-iMC20 ^; 



.22" 



(/CKi'^/C) ®22„ (wf-lo2W2) 



®22" ^2 



(/CMi?^/C) ®22„ {C^O^UJ2) 



{{JC^D'JC) 



02a W2» 



:2i22' 



*--2 



Lcinina l3.9l 



C7 S Cxj2dim(X2)] 



By adjunction, the map from p-^^aUjf to Cj Kl Cj5f2[2dim(X2)] via the composition of the upper 
row with the right column is a o 02 while the map via the composition of the left column with the 



lower row is $ßp («2). This gives the desired equality of morphisms. 



D 



Remark 3.11. It is interesting to compare Proposition \3.1(]\ with [Gj Theorem 5.4], which is the 
direct image theorem for the Lefschetz class constructed in |G]. The integral transform $ßp in 
Proposition \3.10\ corresponds to an honest morphism f : Xi — )■ X2 of complex manifolds in [Q\ . 
On the other hand, the holomorphic diffeomorphisms jxi and 7x2 that appea'fß in Proposition ] 3. Iffl 
correspond to to a pair of integral transforms, one on Xi and the other on X2 satisfying certain 
compatibility criteria with respect to f. 

It would he interesting to generalize the material in this and the previous subsection (Proposi- 
tion \3.1tt in particular) to the case when 7 acts on Xi as well as X2 by integral transforms rather 
than holomorphic diffeomorphisms. The approach here seriously utilizes the fact that 7 acts by holo- 
morphic diffeomorphisms, making such a generalization non-trivial. Such a generalization would 
yield a more general direct image theorem for the Hochschild Lefschetz class than |Gl Theorem 



7x1 (resp., 7x2) denotes the holomorphic difTeomorphisin 7 acting on X (resp., X2 
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5.4]. Further, when combined with an understanding of trace densities, such a result would yield a 
(possibly simpler) approach to generalizations of [Gl Theorem 5.4] itself. 

3.3. Orbifold Hochschild and Chern class. Let Qx (and Qm) be the orbifold defined by the 
quotient X/T (and M/T) for X = T*M and let q : X — )• Qx be the canonical quotient map. Define 
a sheaf of algebras A on Qx by 

A{U):=£x{c\-HU))>^T, 

for any (sufiiciently smaU) open subset U C Qx- In the above definition, T acts on q~^(f7), and 
therefore acts on the algebra £xi^~^iU)). £x{(\~^{U)) xF is the associated crossed product algebra. 
Let A^ be a good F-equivariant coherent PM-niodule and Ai the corresponding F-equivariant 
iSx-module. Define 9JT to be a sheaf on Qx by 

miU):=M{q-\U)), 

for any (sufiiciently small) open subset U C Qx- On an open subset U C Qx, both 7 and 
£x{q~^iU)) naturally act on A^(q~^(C/)) with the appropriate commutation relation between these 
actions. This equips lUt with a natural ^-module structure. It is not difficult to check that if Ai is 
a good coherent PA/-™odule, 9JT is a good coherent ^-module. We apply the following theorem to 
construct the Hochschild class hh^ .j^yj. ■{Tl) and the cyclic class chQ^ ,j^y^ -{^11) of a perfect 
complex 9Jt of ^-modules, where supp(A^)/F is the support of 9Jt in Qx- 

Theorem 3.12. ( ^BNT[ Theorem 2.1.1.]^ Let Q be a topological space and Z a closed subset of Q. 
LetA be a sheaf of algebras on Q such that there is a global section 1 £ T{Q;A) which restricts to 1_4^ 
for all X £ Q. Let T-IC~{A) (resp., ^{^{{A)) be the sheaf of negative cyclic (resp., Hochschild) ho- 
mologie^ of A. Denote by K^^{A) the i-th K-group of the category of perfect complexes of A-niodules 
which are acyclic outside Z. There exists the cyclic class ch'^j : Ä'^(^) — )• H'^^{Q;'HC~{A)) and 
the Hochschild class hh-§^ : i^^(^) -^ H^\Q;H.'H{A)) such that 

• the composition 

K'ziA) -^ Hz'{Q;nc-{A)) -^ Hz'iQ-nniA)) 

coincides with hh-^-; 

• for a perfect complex J-* of A-modules supported on Z the Hochschild class 

hhi^^{T') & H%{Q-nn{A)) 
coincides with the composition 

Applying Theorem l3.12| for a good coherent F-equivariant PM-module Ai, we have a well defined 
Hochschild class /i/i^o(9Jt) G H%{Q x^WHiA)) and cyclic class ch^o(9Jt) G H'^{Qx;nC-{A)) where 

Z = supp(A^)/F and A is the sheaf of crossed product algebras defined by A{U) := £x{(\^^{U)) x F 
(for sufiiciently smal open sets U in Qx)- 

On Qx , we can also consider the sheaf of algebras £qj^ defined by 

£q^{U) := £x{q'\U)f (for U sufiiciently small). 



As in Section [2I we abuse terminology here: HC (A) and 'H'H{Ä) are objects in the derived category of sheaves 
of C-vector Spaces on Q. Also, when Q = X := T*M as in Section[2]and when A — Ex, T-LT-LiÄ) as defined in [BNT] 
is isomorphic to HHiA) as defined in Section [5] 
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Here, £x{(\^^{U)) is the space of F-invariant sections of £xi(\^^{U))- Similarly, we consider the 
good coherent £^Q^-module Mqx defined by 

MQ,{U):=M{q-HU)f. 
Applying Theorem 13.121 to £q^ and Mq^, we obtain the Hochschild and cychc classes 

hh%^{MQ,) G H''z{Qx;nn{£Q,)) and ch%^{MQ,) G H''ziQx;nC{£Q,)), 

where Z = supp(A^)/r. 

Consider the global section 

' ' 7er 

of the sheaf A. It is easy to check that e is a projection. Define a sheaf V of ^-«fQ^^-bimodules by 

V{U):=£x{q-HU))>^re\u, 
and a sheaf W of «fQ^^-^-bimodules by 

WiU):=e\u£x{q-\U))>^r. 

V and W are Morita equivalence bimodules between A and £qx- Under this Morita equivalence, 
Mqx corresponds to the sheaf 9Jt. With the explicit bimodules V and W, we can easily check that 
under the Morita isomorphism between the Hochschild and cyclic homologies of £qx and those of 
A, the Hochschild and cyclic classes of .Mqx ^re identified with those of 571. 

hhi.m = hh%^{MQx) G H''ziQx;nn{A)) - H''ziQx;nn{£Qx)), 
ch^^m = ch%- (Mqx) g H^z(.Qx;nC'{A)) - H^AQx;nc-i£Qx)). 

The Hochschild and cyclic homology of A is computed in [DE] and [NPPT| 

/u-^ : nn{A) ^ (e^Cx7[dim(x^)])r, ^-^ ■. nc-{A) ^ (e^,.>oCx7[dim(x^) - 2{»)]f, 

where 7 G T acts on (ByCxy[diin{X^)] mapping the a-component to the 7a7~"^-component. 
Let IQx be the inertia orbifold associated to Qx, defined by 

IQx := (U^er^^)/r, 

where 7 G T acts on U^X'^ by mapping {a,x) with a(x) = x to (707"^, 7(2;)). Let liqx '■ IQx — ^ 
Qx be the natural map defined by forgetting the group element. Thus, we have 

(e-,6rCx7[dim(X^)])^ = ijQx,X[dhji{IQx)]. 

Definition 3.13. The orbifold Euler class euQx{M) (resp., the orbifold Chern class chQ^(A^)) 
of a good F-equivariant coherent PM-module ^A is defined to be the Images of /i/i'^Q(9Jt) (resp., 

ch^^oW) in FO(/Qx;C[dim(/Qx)]) (resp., ®n>oH^zWx;C[d[m{IQx) - 2n])). 

Remark 3.14. In |BNT] . the classes hh^Q and ch'^Q are called the Euler and the Chern class 
respectively. Here, we distinguish them from their images in the H^{IQx,C[dira{IQx)]), which 
are closer to the classical Euler and Chern characters. 

In the remaining part of this section, we will explain the relation between the Hochschild Lefschetz 
class in Definition 13.21 and orbifold Hochschild class in Theorem 13.121 
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We observe that J^'jer^^'^i-^^^) ^ ©7er -^s°upp(x)("''^'^^('^^''^I')) ^^ invariant under the 
action of T on ©^gr ^^upp(A^)(^'^^(^^'^x)) induced by the conjugation action a 1— ;■ 707"^ of 
r on itself. Consider 

' ' 7er 7er 

7er 

Here, by abuse of notation, we also use the symbol £x to denote the sheaf U 1— )■ £x{(\~^{U)) of alge- 
bras on the orbifold Qx ■ Note that the sheaf £x is a sheaf of algebras on Qx with a (local) F-action 
and that Sq-^ = £\. The Hochschild homology H^{Qx,'H'H{Ä)) is naturally isomorphic to ( ®^gr 

<PP(>0(^;^'^(^^'^1)))^ (seee.g. [DE]). Identifying (®^er<pp(^)(X;-H?^(^x,^l)))^ with 
H^{Qx,'H'H{A)) using this isomorphism, the following equality holds. 
Theorem 3.15. 

hh%{M) = hh-i^,im). 

We shall now sketch the proof of Theorem I3.15| leaving details to the interested reader. 

Sketch of proof. In what follows, £ := £x is thought of as a sheaf of algebras on Qx- Let ^^{Tt) 
denote the sheaf 9Jt on Qx, whose <S-module structure is twisted by 7 like 7^,(M). 
Dehne L : nom^^^{m,m) -^ {^^^■^nom^{Tl,-f^{m)))^ by 

' ' 7Gr 

Here, 70 F[m) = 7~^(F(7(?tt,))) for m G r{U,£x)- Dehne 

L : nom^^^{m,£ >i T) (g)^^^ Tl -^ {^nom^{m,£) (g)^^^{m)f 

7er 

by 

L{F ®^^p m) := — ^ ^ F« ® j'\a{m)), 

' ' 7 o 

where F„ G nom^{Tl, £) is defined by F = X]^ F„ ® a G nom^{M, £) (g)^(f x T) and 7~i(a(m)) is 

viewed as a section of 7^, (9Jt) . Also recall that the action of an element 51 G F on ^ gp'?^om?(lüt, iS)^^? 

7=k(0H) takes a section of the form F{~) (gm io g{F{g~^{-))) ® g.m. The morphisms denoted by n 
in the diagram below are the obvious "evaluation" maps: 

nom^^^{Ti,m) -, — ^ nom^^^{m,£>^ r) c^^^^ m 



7er 7Gr 

It is straightforward to check that the following diagram commutes. 
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DefineL : (?^om^^^(9Jt,f xr)K9Jt)®^Q^Q, (f xT) ^ U^^^^^nom^{Tt,£)Mj,{Tt))^^^^,£ 



by 



LiiiFa 



a Kim 



(d » ß)) := -^ ^(F„ K 7-^a/3(m)) » a{d). 



76r 



Here, 7 ^a/3(r?T,) is viewed as a section of 7*(5[R). Also recall that the action of an element 5 G F 
on ^^'Hom^{m,£) K 7*(9JT) takes a section (F(-) K m) (g) / to {g{F{g-^{~-))) m g.m) (g) 5./. The 
following diagram comniutes: 



Uom^^^^im^S X r) 0^^p 9H 



(-Hom^^ j. (2H, ^ X r) K 9JI) 



QxQ 



. (^ X r) 



; -Hom^iTl, £) ®^ 7* m) "" ^^ ( ( Uomgim, £) M 7, {Tl)) 0^^^^ £ 



76r ^er 

Define L : (f x T) 0^q,q„ (^ x T) ^ ( ©^^r ^*i^) » ^^ by 

L((eo a) (ei (^ ß)) = Tf^Yl ^(^0) «> 7a(ei^ 



7er 



Here, 7(eo) is viewed as a section of (70/37" ^)^,(£^) and 7a(ei) is viewed as a section of £. Also 
recall that the action of an element g £T maps a section e® f oi ■j*{£) <8) £" to the section ge (g> gf 
of {919^^)*{£) ®£- We further have the following commutative diagram: 



{nomg^^[m,£ ^T)MTl) ®AQ^Qa (^ x T) 



ev^id 



(f xr)®^^^^„(£:xr 



nomgim, £) M 7, (93T)) 

7er 



^ £•(»£■« 



£ 



ev^id 



7er 



Combining the above three commutative diagrams gives us the desired theorem: indeed, the Image 

of id G ffom^^p(9Jl, 97t) in H {Qx, {£ x F) ®Aq ^na {£ x F)) under the morphism induced by 

the Upper horizontal arrows in the above three diagrams is /i/i'^ g (971) , while the image of 7 E 

Homg{Tl,j^:{Tl)) in H^{Qx','HT-L{£,£'^)) under the morphism induced by the lower arrows in the 
above three diagrams is hh^^Ai,^). D 



Remark 3.16. The orbifold Euler class in Definition \3. 13\ has a direct generalization to general 
orbifolds other than global quotient orbifolds, i.e. orbifolds of the form M/T. This generalization 
is obtained by working with the sheaf of invariant differential Operators as explained in |FT] . Our 
orbifold Riemann-Roch theorem in the next section also generalizes to this setting. We will leave 
the details of this generalization to the reader. 
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4. Euler class on an orbifold 

In this section, we prove an orbifold Riemann-Roch theorem for the orbifold Euler class euQ^{M) 
of a good E-equivariant coherent 2?Af-module introduced in Definition 13.131 Our main strategy is 
to generalize the method developed by Dressier, Nest, and Tsygan [BNTj to orbifold setting. 

4.1. Deformation quantization. Our strategy to compute the euQ^(A^) is to transfer the com- 
putation to a niore flexible context: that of deformation quantization modules. Closely related to 
£x and Ai, is the (sheaf of) deformation quantization algebra(s) Wx(0) on X = T*M over the 
ring C[[^]] constructed in [PSj modeled on (the sheaf of) negative order formal microdifferential 
Operators. Let Wx be the localization of yV{0) deflned by 

Wx:=W(0)»cp]C((?i)). 

The sheaves of algebras Vm , £x , and Wx are naturally related to one another by the inclusions 

Eollowing [KS] we consider the functor 

(•)^ : Mod{VM) -^ Mod{Wx) , 

M ^ M^ := Wx -i„ t^mM . 

By |KS1 Proposition 6.4.1], this functor is exact, faithful, and preserves properties such as coherence 
and goodness. 

Note that the Lefschetz class of a good coherent 2?jv/-module with values in the Hochschild 
homology of Wx can be deflned in exactly the same way as how the Lefschetz class of a good 
coherent PM-module with values in the Hochschild homology of £x is deflned in Section [3l 

To be precise, given a good coherent PM-module M., we consider the associated good coherent 
Wx-module M^ . As is explained in Section [21 7=,, deflnes a natural functor from D^{Wx) (and 
D\^]^{Wx)) to itself. Let C^ := öx,*Wx-, viewed as a >VxxX"-module. Similarly, let Cj := 
5^-^^Wx- We have a natural morphism analogous to that of Lemma [3Tl 

Eor u G i/o?7^x)J^^(7W,7*(A^)), the definition of the Hochschild Lefschetz class hK^'^ {M.^u) of a 
good coherent Vm module M. is completely analogous to Deflnition 13. 2[ Indeed, hW'^ {M.,u) 
is deflned to be the Image of u^ S Hom^ {M^ ,^jf{M^)) under the morphism induced on 
hypercohomologies by the following composite of morphisms: 

One can similarly provide deflnitions of fieu'~'' {A4, u), eug (TW), and ch.Q (Ad) that are com- 
pletely analogous to the corresponding deflnitions in Section [31 

Recall that the support oi M := £ (S^^-i-p vr^j TW in X is called the characteristic variety of TW 

and denoted by char(A^). The following Lemma is a direct generalization of [KS] Lemma 6.5.1] to 
the 7 twisted setting. Let t : X'^ -^ X he as in Section [3l 
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Proposition 4.1. There is a natural trace density isoniorphism 

. — . , — . ,,vv 
'H'H{Wx,Wl) ^^ i!Cx7((?i))[dim(XT)] 

in the derived category of sheaves of C{{h))-vector Spaces on X such that the diagram foUowing 

commutes: 

- - ß' 



'H'H{£x,£jc) i!Cx7[dim(X^) 



M^ 



Therefore, using the natural map from HJ^^,^j^^^{X;Cx-i) to i7^^™^^_^^\(X; Cx7((?i))) to identify 

Hj^\j^L{X;Cx'f) with its image in Hjj^\j^L{X;Cx-i{{h))), one obtains the following identities 
for a good T-equivariant coherent Vm module Ai. 

hh-^iMn) = hh^'^^iM,-/), euQ^iM) = en^^{M), 

fieu''iM,j) = /ien^'^(A^,7), chQ^(A^) = ch^^(A^). 

4.2. Orbifold Riemann-Roch theorem. In this subsection, we describe the geometric formula 
for the orbifold Euler class Euq(7W) of a good F-equivariant coherent Vm module Ai. 

We recall some geometry of the orbifold Qx = X/T. Note that X"' may have several components 
with different diniensions, but each component of X^ is a submanifold of X. Consider a vector 
bündle V on X'^ equipped with a 7 action on each fiber. Let R be the curvature of a connection 
on V. Define ch^(y) to be 

ch,iV) := tr (7exp (^^;^)) ^ ^^"^"(XT;C). 

Over each component of X^ , let N"' be the normal bündle of X'^ to X. Observe that 7 acts on 
fibers of N"' and A'iV^. Define 



eu^(iV^) := j;(-l)-ch^(A-iV^) = det (l - 7-'exp (^^^ 

where R is the curvature of a connection on A^'''. The group T naturally acts on U^X'^: 7 G F 
maps X £ X°' to 7(x) G X'^'^'^ . It is straightforward to see that 

euQ(iV) ■.= ^en,iN^') G 0^eTfrW(^";C) 
7Gr 7gr 

is invariant under the F action on the above direct sum of the cohomology groups. 
Given a good F-equivariant coherent Djvf-module A4, we consider 

M := £x ®^-Ivm ^m -^' 

equipped with a natural filtration, whose support is denoted by char(A^). The sheaf £x has a 
natural filtration {F'£x} by the order • of an Operator. Let Gv£x (resp., GrA^) denote the 
associated graded algebra and module of £x (resp., M). Define 

Gr{M) := Ox ®Q^g^ GtM. 

The Symbol cJchar(X) (-^) is the dement in the F-equivariant K-theory K f^' ,j^. {T*M) defined by 
Gr(j\4). Restricted to X^, ö'char(x)(-^lx^) defines a K-theory element on X^ inheriting a 7-action. 
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Applying ch^(— ) to this element, one defines an element ch^((Tchar(A^)(-^|x^)) in ^chaiiMP^-^^"^' 
As M is F-equivariant, one easily checks that the collection 

chQ(cT,har(A^)(-M)) := ^ ^ ^^ Khar(A^) (-^1x7 )) G ^^cW^l). (^^; C) 

is invariant under the T action on the above direct sum of the cohomology groups. 

Dehne charQ(A^) C IQx to be the quotient (U^grchar(A^)'^)/r, where F acts on U^grchar(7W)''' 
via its action on U^^j^X^ . We are now ready to state the main theorem of this paper. 

Theorem 4.2. (Orbifold Riemann-Roch) Let Qm be the quotient of M by F. For a good F- 
equivariant coherent "Dm module Ai, we have 

euQ{M) = —(chQ{a^har{M){M)) AeuQ{N) ATT*TdiQ^,) 

m \ / dini{IQx) 

as a cohomology class in HJ^^^ ^^!{IQx',C). Here, TdjQj^j is the Todd class of the orbifold IQm 
defined by 

( ^ \ 

rri 1 i / 27r\/— 1 \ 

TdiQ.j := tr 



,1 — exp a^y^n: y 

where R is the curvature of a connection on the tangent bündle TIQm, tt : IQx — ^ IQm is the 
natural projection, and m denotes the locally constant function on IQ measuring the size of the 
isotropy group. 

Remark 4.3. The wedge product of differential forms on IQx used in Theorem \4-S\ is the wedge 
product on each component of IQx- 

The proof of Theorem 14.21 occupies the next two subsections. Our basic idea is to generahze the 
Bressler-Nest-Tsygan proof in |BNT| to the F-equivariant setting. 

4.3. Rees construction. We consider the Rees ring TZ£x associated to the filtration {T*£x} of 
Sx: 

Tl£x-=®h^J^8x. 

V 

We hst a few weU-known properties of H-Ex without proofs. 
Proposition 4.4. (c.f. [BNT] ) 

(1) Let GyEx be the associated graded ring of £x with respect to the filtration T*Ex- There are 
natural algebra homomorphisms 

a^^ : lZ£x ^ Gv£x ^ Ox- 

(2) f|BNTl I, Proposition 4.5. l]j There is a natural flat embedding by mapping HS, to ^ along 
the fiber direction ofT*M, 

i'^^-.nsx^wxio). 

(3) Define TZ£x[h~^] := TZSx '^C[[n]] ^((^i)). There is a natural identification 

nsxih-'] = £xm) ■■= £x ^c cm). 

(4) Given a 8x-'n^odule M with a filtration J^'M, define an TZ8x-fnodule by 



16 



AJAY RAMADOSS, XIANG TANG, AND HSIAN-HUA TSENG 



(7) 
(8) 



One has the foUowing natural isomorphisnis of Ox-i^odules, 



-RM 



Ox 



GiM® 



Gr£^ ö^- 



In addition, when a finite group T acts on M , the sanie results hold for £x xiT, Wx(0) xT, lZ£x >^r, 
GiEx x r, Ox x r and a T-equivariant £x-i^odule Ai. 

By Proposition 14.41 (3). we have natural morphisms 

(9) r"'"^ : nix -^ £x[h-\h] ^ £x : /'"''^. 

Following the idea developed in See. 13.31 when a finite group F group acts on a nianifold M 
and therefore also X = T*M, we view £q^ := ^x x T, TIEq^ := TZSx x F, GtSq^ := GvSx x F, 
Oq^ := Ox X F, W{0)qx ■■= >V(0)x x F, and Wq^ := Wx x F as sheaves of algebras over 
the orbifold Qx = X/T. And similarly a F-equivariant «Sx-module Ai is viewed as a sheaf of 
£q^ := £^x X F-module -Mqx over Qx- 

A crucial Observation is that Theorem 13.121 applies to the sheaves of algebras introduced above 
and defines Chern character maps on the corresponding K-groups of perfect complexes of modules. 
These Chern characters are denoted by ch (— ) with A being relevant sheaves of algebras. We apply 
Proposition 14.41 to study the Chern character of Aiq-^: 



Proposition 4.5. 

a'fch^ilZMQ^) = .,chG'-^(GrA?Q^) = dP{MQ^ 

Proof. This is a direct corollary of Proposition 14.41 (1). and Eq. ([8]). 
Proposition 4.6. 

Proof. This is a direct corollary of Eq. d?]), Q, and Proposition 14. 4| (3). 



-Qx 



Oq, 



D 



iV'h^^^hMQx)). 



D 



There is a natural map a^^^' : VVx(O) — t- Ox defined by taking the quotient by the two sided 
(sheaf of ) ideal(s) generated by h. It is easy to check that 



a^^ = a^Woi^^^7^f^ 



Oqx- 



(10) 
Proposition 4.7. 

Proof. This is a direct corollary of Eq. (|10p . 
Proposition 4.8. The following diagram commutes 



Qx 



Oq, 



D 



W(0) 



Qx 



- Wq, 



•7J£[h--^l 



TlEc 



--n£Q,[h-^] Sc, 



where l^ '^ is the natural inclusion map W(0)q^ ^-s- VS^Qx! «^^ j^^[^ 1 is the natural extension 
ofi^^. 
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Proof. This is a straightforward verification using the definitions. 



D 



We denote the hypercohomology H—{IQx]'HCP^''{Wq^)) by HCI''''{Wq^), where HCP^'X-) is 
the sheaf of periodic cychc homology. Similar notation is used for other sheaves of algebras on Qx 
(and for other versions of cychc homology). Note that for any sheaf A of algebras on Qx (or on 
any topological space for that matter), there is a natural map 1-LC~{A) — t- T-LC'^^^'^A) in the derived 
category of sheaves of C-vector spaces on Qx- Hence, one may view ch'^j (see Theorem 13.12p as a 
map to HCq^^ {A). The following proposition is a direct corollary of Proposition 14. 8i 

Proposition 4.9. The following diagram commutes. 



chW(O) 






HCriWiO)Q^) 



KliTZSQ^) 



HC^,"-{'R£q^) 




K1{£Qx) 



HCl"{n£Q^[h-'\) 



HCriSQ^) 



4.4. Proof of Theorem 14.21 The following is a reformulation of |PPT21 Theorem 5.13]. 



Theorem 4.10. f |PPT21 Theorem 5.13]J Let u he the parameter in the definition of cyclic homol- 
ogy, and Qm (resp., Qx) be the quotient of M (resp., X) by T. The following diagram commutes: 



HcrmAo)) 



Hcr\WQ, 



W(()) 



H-{^]QA^)),d) 



A^euQ(N)A7r-i™7Q. 



H-'{^'jQA{hmu)),d) 



Proof. Let i^*^ : IQx ~^ Qx be the natural forgetful map. The key Observation is that the quasi- 

isomorphisms er* and fi^ constructed in |PPT2[ Theorem 5.13] are morphisms of i* Cjq {{u))- 
modules on Qx (where Cjq^{{u)) denotes the (locally) constant sheaf whose space of sections over 
any connected open subset of IQx is C((ii))). 

For an element x of H—{IQx;nCP^''{WQ^{0))), a]^'-°\x) is jiu element of H-'{IQx;C{{u))). 

Let 1 denote the trivial Wq^ (O)-module. Then, we notice that o"* maps o"* (x)Uch ^ ^(1), as 

an element in //Cq^''(Wq^(0)), also to a^, (x) in H~'{IQx;C{{u))), where U is the cup product 

u : H-'{iQx;mu))) ^ H~'{Qx-,ncp''-{WQAm ^ H-'{Qx-,ncp-'-iWQAo))) . 

As CT* is a quasi-isomorphism, we conclude that x = [a* (x)] U [ch ^ (1)] is in 
H-'{Qx;nCP^''{WQ^{0))). Since ^ß is a //-•(/Qx,C((M)))-module map, we have 



,/\i: ^-(x)) 



a.^ 



^(°)(x)U^l^(4"'"(ch^(°)(l))). 
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This reduces the proofto Computing /i^(i^' ' (ch '^ •'(1))). This computation is done by the same 
proof as that of [PPT21 Theorem 5.13], but in the holomorphic setting. As is computed in |BNT1 
4.5.1], the characteristic class of the quantization Wx(0) is equal to |a; + ^Tr\,jCi{TX) with w the 
symplectic form on T*M. Substituting this characteristic class into |PPT21 Theorem 5.13] yields 
the desired identity. D 

Proof of Theorem \4-^ The Euler class is the top degree component of the Chern character, which 
is computed by the following steps. 

chg (X ) = / o ch^ (M) Definition [XT3] 

= fJ^^ oifch.^{M) Proposition HTT] 

= /i o i^, ^' o i^ ' ch {^A) right front triangle of Proposition 14.91 



^w ^ if^-'] „ ^h ^^^ch^^(7^^?Q^) Proposition SSl 
^w Q Ji ,w Q jne Q ch^^{TZM-Q^) right front Square of Proposition U? 
-(J^^°^ o if^odi^^{nMQ^) A euQ(7V) A TT-^TdiQ^j Theorem SIÜ] 



m 
1 



m 
1 



c\i'-'{nMQ^ ®? Oqx) A eun(iV) A ■K'^TdiQ., Proposition O 
^dP{GiMQx ®G,Sq^ ^Qx) A euQ(iV) A i^-^TäiQ^, Eq. (0) 
chQ(achar(A^)(-A^)) A euQ(Af) A i^-^TdiQ^^. D 
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